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Computer simulations of electrorheological fluids in the dipole-induced dipole model
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~Received 12 June 2001; published 23 October 2001!

We have employed the multiple image method to compute the interparticle force for a polydisperse elec-
trorheological~ER! fluid in which the suspended particles can have various sizes and different permittivities.
The point-dipole~PD! approximation, being routinely adopted in the computer simulation of ER fluids, is
known to err considerably when the particles approach and finally touch due to multipolar interactions. The PD
approximation becomes even worse when the dielectric contrast between the particles and the host medium is
large. From the results, we show that the dipole-induced-dipole~DID! model yields very good agreements with
the multiple image results for a wide range of dielectric contrasts and polydispersity. As an illustration, we
have employed the DID model to simulate the athermal aggregation of particles in ER fluids, both in uniaxial
and rotating fields. We find that the aggregation time is significantly reduced. The DID model partially
accounts for the multipolar interaction and is simple to use in the computer simulation of ER fluids.

DOI: 10.1103/PhysRevE.64.051506 PACS number~s!: 83.80.Gv, 82.70.Dd, 41.20.2q
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I. INTRODUCTION

The prediction of the yield stress for electrorheologic
~ER! fluids is the main concern in theoretical investigatio
of ER fluids. Early studies failed to derive the experimen
yield stress data@1# because these studies were almost ba
on a point-dipole approximation@2,3#. The point-dipole ap-
proximation is routinely adopted in computer simulations b
cause it is simple and easy to use. Since many-body
multipolar interactions between particles have been
glected, the strength of ER effects predicted by this mode
of an order lower than the experimental results. Hence, s
stantial effort has been made to sort out more accu
models.

Klingenberg and co-workers developed an empirical fo
expression from a numerical solution of Laplace’s equat
@4#. Davis used the finite-element method@5#. Clercx and
Bossis developed a full multipolar treatment to account
the multipolar polarizability of spheres up to 1000 multipo
orders@6#. Yu and co-workers developed an integral equ
tion method that avoids the match of complicated bound
conditions on each interface of the particles and is applica
to nonspherical particles and multimedia@7#. Although the
above methods are accurate, they are relatively complic
to use in the dynamic simulation of ER fluids. Alternativ
models have been developed to circumvent the problem:
coupled-dipole model@8# and the dipole-induced-dipol
~DID! model @9#, which take care of mutual polarization e
fects when the particles approach and finally touch.

The DID model accounts for multipolar interactions pa
tially and is simple to use in computer simulation of E
fluids @9#. As an illustration, we employed the DID model
simulate the athermal aggregation of particles in ER flu
both in uniaxial and rotating fields. We find that the agg
gation time is significantly reduced. In Sec. II, we review t
multiple image method and establish the DID model. In S
III, we apply the DID model to the computer simulation
ER fluids in a uniaxial field. In Sec. IV, we extend the sim
lation to athermal aggregation in rotating fields. Discuss
of our results will be given in Sec. V.
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II. IMPROVED MULTIPLE IMAGE METHOD

Here we briefly review the multiple images method@9#
and extend the method slightly to handle different dielec
constants. Consider a pair of dielectric spheres, of radiia and
b, dielectric constantse1 ande18 , respectively, separated by
distancer. The spheres are embedded in a host medium
dielectric constante2. Upon the application of an electri
field E0, the induced-dipole moment inside the spheres a
respectively, given by~SI units!

pa054pe0e2bE0a3, pb054pe0e2b8E0b3, ~1!

where the dipolar factorsb,b8 are given by

b5
e12e2

e112e2
, b85

e182e2

e1812e2

. ~2!

From the multiple image method@9#, the total dipole mo-
ment inside spherea is

paT5~sinha!3(
n51

` F pa0b3~2b!n21~2b8!n21

~b sinhna1a sinh~n21!a!3

1
pb0a3~2b!n~2b8!n21

~r sinhna!3 G , ~3!

paL5~sinha!3(
n51

` F pa0b3~2b!n21~2b8!n21

~b sinhna1a sinh~n21!a!3

1
pb0a3~2b!n~2b8!n21

~r sinhna!3 G , ~4!

where the subscriptsT(L) denote a transverse~longitudinal!
field, i.e., the applied field is perpendicular~parallel! to the
line joining the centers of the spheres. Similar expressi
for the total dipole moment inside sphereb can be obtained
by interchanginga andb, as well asb andb8. The param-
etera satisfies
©2001 The American Physical Society06-1



b
e
im
ra

on

ed
n-
u

th
th

n-
th

te
ith
ce
.

re
-
nc
b

t t

m
an

t

-
in
n

ts.
t is
lts

be-

ith

rical

Y. L. SIU, JONES T. K. WAN, AND K. W. YU PHYSICAL REVIEW E64 051506
cosha5
r 22a22b2

2ab
.

In Ref. @9#, we checked the validity of these expressions
comparing with the integral equation method. We show
that these expression are valid at high contrast. Our
proved expressions will be shown to be good at low cont
as well ~see below!.

The force between the spheres is given by@10#

FT5
E0

2

]

]r
~paT1pbT!, FL5

E0

2

]

]r
~paL1pbL!. ~5!

For monodisperse ER fluids (a5b, b5b8 and pa5pb
5p0), Klingenberg defined an empirical force expressi
@4#:

F

FPD
5~2K i cos2 u2K' sin2 u! r̂1KG sin 2uû, ~6!

being normalized to the point-dipole~PD! force FPD5
23p0

2/r 4, whereK i , K' , and KG ~all tending to unity at
large separations! are three force functions being determin
from the numerical solution of Laplace’s equation. The Kli
genberg’s force functions can be shown to relate to our m
tiple image moments as follows~here a5b, b5b8, and
pa5pb):

K i5
1

2

] p̃L

]r
, K'52

] p̃T

]r
, KG5

1

r
~ p̃T2 p̃L!, ~7!

where p̃L5pL /FPDE0 and p̃T5pT /FPDE0 are the reduced
multiple image moments of each sphere. We computed
numerical values of these force functions separately by
approximant of Table I of the second reference of Ref.@4#
and by Eq.~7!.

In Fig. 1, we plot the multiple image results and the Kli
genberg’s empirical expressions. We show results for
perfectly conducting limit (b51) only. For convenience, we
define the reduced separations5r /(a1b). For reduced
separations.1.1, simple analytic expressions were adop
by Klingenberg. As evident from Fig. 1, the agreement w
the multiple image results is impressive at large redu
separations.1.5, for all three empirical force functions
However, significant deviations occur fors,1.5, especially
for K i . For s<1.1, alternative empirical expressions we
adopted by Klingenberg. ForK' , the agreement is impres
sive, although there are deviations for the other two fu
tions. From the comparison, we would say that reasona
agreements have been obtained. Thus, we are confiden
the multiple image expressions give reliable results.

The analytic multiple image results can be used to co
pare among the various models according to how m
terms are retained in the multiple image expressions:~a! PD
model:n51 term only,~b! DID model:n51 to n52 terms
only, and~c! multipole-induced-dipole~MID ! model: n51
to n5` terms.

In a previous work@9#, we examined the case of differen
size but equal dielectric constant (b5b8) only. Here we
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focus on the casea5b and study the effect of different di
electric constants. In Fig. 2, we plot the interparticle force
the longitudinal field case against the reduced separatios
between the spheres for~a! b59/11 (e1 /e2510) and ~b!
b51/3 (e1 /e252) and variousb8/b ratios. At low con-
trast, the DID model almost coincides with the MID resul
In contrast, the PD model exhibits significant deviations. I
evident that the DID model generally gives better resu
than PD for all polydispersity.

III. COMPUTER SIMULATION IN THE DID MODEL

The multiple image expressions@Eqs.~3! and ~4!# allows
us to calculate the correction factor defined as the ratio
tween the DID and PD forces:

FDID
(')

FPD
(')

512
ba3r 5

~r 22b2!4 2
b8b3r 5

~r 22a2!4

1
bb8a3b3~3r 22a22b2!

~r 22a22b2!4
, ~8!

FDID
(i)

FPD
(i) 511

2ba3r 5

~r 22b2!4 1
2b8b3r 5

~r 22a2!4

1
4bb8a3b3~3r 22a22b2!

~r 22a22b2!4
, ~9!

FDID
(G)

FPD
(G)

511
ba3r 3

2~r 22b2!3 1
b8b3r 3

2~r 22a2!3
1

3bb8a3b3

~r 22a22b2!3
,

~10!

FIG. 1. The comparison of the multiple image results w
Klingenberg’s three force functions.K' , K i , andKG are plotted
as functions of the reduced separation between two sphe
particles.
6-2
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whereFPD
(')53pa0pb0 /r 4, FPD

(i) 526pa0pb0 /r 4, andFPD
(G)5

23pa0pb0 /r 4 are the point-dipole forces for the transvers
longitudinal, andG cases, respectively. These correction fa
tors can be readily calculated in the computer simulation
polydisperse ER fluids. The results show that the DID fo
deviates significantly from the PD force at high contra
whenb andb8 approach unity. The dipole induced intera
tion will generally decrease~increase! the magnitude of the
transverse~longitudinal! interparticle force with respect to
the PD limit.

For simplicity, we consider the case of two equal sphe
of radiusa, initially at rest and at a separationd0. An electric
field is applied along the line joining the centers of t
sphere. The equation of motion is given by

dz

dt
5F i~2z!, ~11!

FIG. 2. The interparticle force plotted against the reduced se
ration s between two spherical particles for several dipole fact
b8 of one spherical particle in units ofb for longitudinal fields:~a!
b59/11 and~b! b51/3.
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wherez is the displacement of one sphere from the cente
mass. The separation between the two spheres is thud
52z and the initial condition isd5d0 at t50. Equation~11!
is a dimensionless equation. We have chosen the follow
natural scales to define the dimensionless variables:

length ;a, time 5t0;
6phca

2

F0
,

force 5F0;
e0e2

2a2E0
2

4p
,

whereE0 is the field strength,m is the mass, andhc is the
coefficient of viscosity. Using typical parameters, we findt0
is of the order of milliseconds. We have followed Klinge
berg @2,3# to ignore the inertial effect, captured by the p
rameterG:

G5
e0me2

2E0
2

144p3hc
2a

.

The neglect ofG can be justified as follows. For value
common to the ER suspension:hc'0.1 Pa s, m'8
310213 kg, a'531026 m @2#. The inertial termG is of
the order 1028. We also neglect the thermal motion of th
particles, which is a valid assumption at high fields. W
should remark that the initial separationd0 is related to the
volume fractionf, defined as the ratio of the volume of th
sphere to that of the cube, which contains the sphere@3#, i.e.,
f5Vsphere/Vcube, and

d0

2a
5S p

6f D 1/3

.

For the PD approximation, Eq.~11! admits an analytic solu-
tion:

z5F S d0

2 D 5

2
15p0

2t

8 G1/5

. ~12!

We integrate the equation of motion by the fourth-ord
Runge-Kutta algorithm, with time stepsdt50.01 and 0.001
for small and large volume fractions, respectively. We p
the displacementd/a vs the time graph~not shown here! for
the PD case and find excellent agreement between ana
and numerical results.

For the DID model, we have to integrate the equation
motion numerically. In Fig. 3, we plot the displacementd/a
vs the time graph for the aggregation of two spheres
uniaxial fields. At small volume fractions, i.e., when the in
tial separation is large, the time for aggregation is large a
the DID results deviate slightly from the PD results. How
ever, at large volume fractions, the DID results are sign
cantly smaller than the PD calculations. The effect becom
even more pronounced at largeb.

In Fig. 4~a!, we plot the ratio of aggregation time of th
DID to PD cases. The results showed clearly that the ag
gation time has been significantly reduced when mutual

a-
s
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larization effects are considered. The reduction in aggre
tion time becomes even more pronounced for small ini
separations.

IV. ATHERMAL AGGREGATION IN THE ROTATING
FIELD

Recently, Martin and co-workers@11# demonstrated ather
mal aggregation with the rotating field. When a rotating fie
is applied in thex-y plane at a sufficiently high frequenc
that particles do not move much in one period, an aver
attractive dipolar interaction is created. The result of this
the formation of plates in thex-y plane. Consider a rotating
field applied in thex-y plane: Ex5E0 cosvt,Ey5E0 sinvt.
The dimensionless equation of motion for the two sph
case becomes

dx

dt
5F i cos2 vt1F' sin2 vt,

dy

dt
52FG sin 2vt,

~13!

where (x,y) is the displacement of one sphere from the c
ter of mass. For largev, we may safely neglect they com-
ponent of the motion. In the PD approximation,F i5
26p0

2/r 4 andF'53p0
2/r 4, we find the analytic result

x5F S d0

2 D 5

2
15p0

2

64v
~2vt13 sin 2vt !G1/5

. ~14!

The separation between the two spheres is justd52x, with
the initial separationd5d0 at t50. In the rotating field case
we also integrate the equation of motion by the fourth-or
Runge-Kutta algorithm, but withdt51/(4v) and 1/(40v) as
the time steps. Note thatdt51/(4v) should be the larges
time step that can be used because we must at leas
through a cycle consisting of the transverse and longitud

FIG. 3. The displacement-time graph for athermal aggrega
of two spherical particles in a uniaxial field for various volum
fractions and dipole factors.
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field cases. The oscillating effect of a rotating field is le
observable when the time step is smaller than this maxim
value.

We plot the displacement vs time graph~not shown here!
for the PD case in a rotating field and find an excellent agr
ment between analytic and numerical results. It is found t
the aggregation time is four times of that of the uniaxial fie
case. In fact, Eq.~14! reduces to Eq.~12! asv→0. However,
at largev, Eq. ~14! becomes

x5F S d0

2 D 5

2
15p0

2t

32 G1/5

.

That is, in the PD approximation, the time-average fo
becomes 1/4 of that of the uniaxial field case. It is beca
the two dipole moments spend equal times in the transv
and longitudinal orientations, whileF i522F' in the PD
case, leading to an overall attractive force that is 1/4 of

n

FIG. 4. The reduction factor of the aggregation time of tw
spherical particles plotted against the initial separation for~a!
uniaxial field and~b! rotating field.tDID andtPD are the aggrega-
tion times in the DID and PD models, respectively.
6-4
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force of the uniaxial field case. When the multiple ima
force is included, we expect that the magnitude ofF i in-
creases while that ofF' decreases and we expect an ev
larger attractive force when the spheres approach. In
case, the aggregation time must be reduced even m
significantly.

In Fig. 4~b!, we plot the ratio of the aggregation time o
the DID to PD cases forb51 and severalv. The v50
curve is just for the uniaxial field case. The results show
clearly that the aggregation time has been significantly
duced when mutual polarization effects are considered.
reduction in aggregation time becomes even pronounced
small initial separations. It is observed that fluctuations e
when the initial separation between the spheres is 2.4a or
less. It is because the motion is sensitive to the initial ori
tation of the dipoles when the spheres are too close.

Similarly, we consider the aggregations of three and f
equal spheres, arranged in a chain, an equilateral triangle
a square. For a chain of three spheres in a rotating field,
central sphere does not move, while the two spheres at
ends move towards the central sphere. For three spher
an equilateral triangle, the center of mass~c.m.! will not
move while each sphere moves towards the c.m., subje
the force of the other two spheres. The same situation oc
for four spheres in a square, in which each sphere mo
towards the c.m., subject to the force of the other th
spheres.

In the PD approximation, we report the analytic results
follows. For three spheres in a chain,

x5Fd0
52

255p0
2

64v
~2vt13 sin 2vt !G1/5

. ~15!

For three spheres in an equilateral triangle,

x5F S d0

A3
D 5

2
5p0

2

8A3v
~4vt2sin 2vt !G 1/5

. ~16!

For four spheres in a square,

x5F S d0

A2
D 5

2
15p0

2

8v S 4A211

4
vt2

8A223

8
sin 2vt D G 1/5

.

~17!

In each of the above cases,x is the distance of one spher
from the center of mass. In the case of three spheres
chain, the separation between the spheres is the samed
5x. In the case of three spheres in an equilateral triangle,
separation between spheres isd5A3x. In the case of four
spheres in a square, the separation between spheresd
5A2x. Again, we integrate the equation of motion by t
fourth-order Runge-Kutta algorithm. We find excelle
agreements between the analytic and numerical results~not
shown here!.

It has been found that the displacement in they direction
is about 0.5% forv55 and a largerv has been used in th
simulation. On the other hand, it is time consuming for sim
lations withv.20. It is evident from the displacement-tim
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graph that the results are correct. In Fig. 5, the oscillat
amplitude is reduced when the rotating frequency increa
in the simulation. This is consistent with the assumpti
made in our analytic expressions. In Fig. 6, it is observ
that fluctuations exist when the initial separation between
spheres is 2.4a or less in all three graphs. Again, it is becau
the motion is sensitive to the orientation of the dipoles wh
the spheres are close. From the simulation, the reduc
effects become even more pronounced for the rotating e
tric field case than the uniaxial field case.

V. DISCUSSION AND CONCLUSION

Here a few comments on our results are in order. Bo
ecaze and Brady@14# included corrections to PD by means

FIG. 5. The displacement-time graph for the athermal aggre
tion of two spherical particles in a rotating field for various volum
fractions and dipole factors.

FIG. 6. The reduction of the aggregation time for clusters
three and four spherical particles plotted against the initial sep
tion in the rotating field.tDID andtPD are the aggregation times i
the DID and PD models, respectively.
6-5
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an energy approach. In their approach, both the long-ra
many-body interactions and the lubricationlike near-field
teractions are included in the computer simulations. T
comparison to our approach will be a topic for future wo
We believe that the multipolar interactions are more imp
tant than the many-body~local-field! effects. In Ref.@8#, as
well as Ref.@15#, the particles in ER fluids are treated
point dipoles while their dipole moments are determined
adding the local-field corrections. In our model, the partic
are treated as extended dielectric spheres. The additi
terms in DID arise from multipole interactions, rather th
from local-field corrections. In this regard, the DID model
adequate for aggregation problems while it may be unsa
factory for calculating shear stresses in ER fluids due to la
multipole interactions for touching spheres. For sh
stresses, however, we had better use the more accurate
model.

In this work, we studied the aggregation time for seve
particles. We should also examine the morphology of agg
gation, due to multiple image forces. In this connection,
can also examine the structural transformation by apply
the uniaxial and rotating fields simultaneously@12#.

We have done simulation in the monodisperse case. R
ER fluids must be polydisperse in nature: the suspend
particles can have various sizes or different permittiviti
m

m

m
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Polydisperse ER fluids have attracted considerable inte
recently because the size distribution and dielectric prop
ties of the suspending particles can have significant imp
on the ER response@13#. We should extend the simulation t
the polydisperse case by using the DID model.

In summary, we have used the multiple image to comp
the interparticle force for a polydisperse electrorheologi
fluid. We apply the formalism to a pair of spheres of diffe
ent dielectric constants and calculate the force as a func
of the separation. The results show that the PD approxi
tion is oversimplified. It errs considerably because ma
body and multipolar interactions are ignored. The D
model accounts for multipolar interactions partially a
yields overall satisfactory results in the computer simulat
of ER fluids while it is easy to use.
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